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A NOTATION OF THE POINTS AND LINES IN PASCAL’S 


THEOREM. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. 1x. (1868), pp. 268 —274.] 


TAKING six points 1, 2, 3, 4, 5, 6 on a conic; let A, B, C, D, E, F, G, H, I, J, E, L, M, N, O 


denote each a combination of three lines, thus 
12.34.56=A | 12.35.64=F | 12.36.45=K 
138.45.62=B | 18.46.25=G4 | 18.42.56=L 
14.56.283=C | 14.52.36=H | 14.58.62=M 
15.62.384=D | 15.638.42=T7 | 15.64.23=N 
16.23.45=F | 16. 24.53=J |.16.25.34=0 


then any hexagon formed with the six points may be represented by a combination of 
some two of the letters A, B, &c., viz. the three alternate sides are the lines repre- 
sented by one letter, and the other three alternate sides the lines represented by the 
other letter: for example, the hexagon 123456 is AE; and so for the other hexagons. 
Any duad AE thus representing a hexagon may be termed a hexagonal duad; the 
number of such duads is sixty. Each Pascalian line may be denoted by the symbol 
of the hexagon to which it belongs; thus, the line which belongs to the hexagon AZ, 


is the line AZ. 


I form the following combinations : 


IMO.DHJ each involving all the duads 12, Ge. except those of 123. 


DEG. BNO 3 : i 124. 
ELM . BOJ ° $ 3 125 

HLN.OGI š ; . 126 . 
EFI.JKN $ i 134. 
AEH .CKO 4 , i 135. 
AMN .CDF 3 6 % 136. 
AGJ . ELO i 2 i 145. 
ABI. DKL t i 146. 
GKM.BFH fi j 5 156. 
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and also the combinations: 


AEGMT involving all the duads 12,13, &c., 


ABHJIN 
BCFIO 
CDGSK 
DEFHL 
KIMNO 


which I call respectively the ten-partite and six-partite arrangements. 
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It is to be 


remarked that (considering JMO.DHJ as standing for the six duads IM, JO, MO 
DH, DJ, HJ, and so for the others) the ten-partite arrangement contains all the 
sixty hexagonal. duads: and in like manner, (considering AHGMI as standing for 
the ten duads AH, AG, AM, AI, EG, EM, EI, GM, GI, MI, and so for the others) 


the six-partite arrangement contains all the sixty hexagonal duads. 


The 60 Pascalian lines intersect by 4’s in the 45 Pascalian points p, by 3’s in 
20 points g and in 60 points A, and by 2’s in 90 points m, 360 points r, 360 points t, 


360 points z, and 9 points w. 


The intersections of the Pascalian lines thus are 


45 p counting as 270 


20 g 
60h 
90 m 
360r 
360 t 
360 z 
90 w 


> 


> 


and the intersections on each Pascalian line are 


3 p counting 


lg 
3h 
3m 
12r 
12¢ 
12 z 
3w 


> 


> 


> 


as 


60 
180 
90 
360 
360 
360 
90 

1770 = 460 . 59, 
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For the ten-partite arrangement, any double triad such as ABI.DKL gives 15 
intersections; 10x15=150; and any pair of double triads such as ABJ.DKLI and 


AEH .CKO gives 36 intersections; 45 x 36 =1620; and these are 


10 x 6g 609 
9m 90 m 
——15 —— 150 
(6p 270 p 
| 4h 180 h 
8 O 
AB x r 360r 
8t 360 t 
| 8z 360 z 
ee 90 w 
— 36 = 1620 
1770. 


For the six-partite arrangement any pentad such as ABHJWN gives 45 intersections; 
6x 45=270; and any two pentads such as ABHJN and AHGMI give 100 inter- 


sections; 15 x 100=1500; and these are ` 


fi 180 h 
6x 
15m 90 m 
i San 270 
4g 60 g 
18 p 270 p 
24r 360r 
asa 849 360 t 
| 24 z 360 z 
| 6 w 90 w 
2 100 1500 
1770. 


I analyse the intersections of a Pascalian line, say AE, by the remaining 59 


Pascalian lines as follows: 
Observe that AE belongs to the triad AHH, the complementary triad whereof is 


CKO; it also belongs to the pentad AZJMG. We thus obtain, corresponding to AZ, 
the arrangement 
H HI 


# ATB YO 
HE\F LD 
IMG 
KCO 
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viz. HABNZJ, is the pentad which contains HA, the arrangement of the last three 
letters B, N, J thereof being arbitrary; HHFLD is the pentad that contains HE, but 
the last three letters are so arranged that the columns HBF, HNL, HJD are each of 
them a triad, JMG is then the residue of the pentad AHJMG, and KCO is the 
complementary triad to AHH, but the arrangement of the letters JMG, and of the 
letters KOO, are each of them determinate; viz. these are such that we have BFICO, 
NIMKO, JDGCK, each of them a pentad. 


And this being so we derive from the arrangement 
29 AH, EH; 
3m KC, KO, CO; 
6h AI, AM, AG; EI, EM, EG; 
122 JIB, IF, MN, ML, GJ, GD; HB, HF, HN, HL, HJ, HD; 
9p AB, AN, AJ; EF, EL, ED; BF, NL, JD; 
127 CB, CF, CJ, CD; OB, OF, ON, OL; KN, KL, KJ, KD; 
12¢ FL, FD, LD; BN, BJ, NJ; IC, 10; MK, MO; GK, GC; 
3w IM, IG, MG; 


viz. the line AE in question meets AH, HH each of them in a point g; KC, KO, CO 
each in a point m; and so on. By constructing in the same way an arrangement for 
each of the lines AH, &c., we find the nature of the point of intersection of any 
two of the lines AB, AH, AH, &c.; and we may then present the results in a table 
(see Plate), which shows at a glance what is the point of intersection (whether a 
point g, m, h, z, p, r, t, or w) of any two of the Pascalian lines, 


I further remark that representing the 45 Pascalian points as follows: 
12.34=a 13. 24> | 14,23 =m 15.23=s | 16.23=y 
12.385=b | 18.25=h | 14.25 =n | 15.24=¢ | 16.24=2 
12.36 =c | 13.26=12 | 14.26=0 | 15.26=wu | 16. 25=a 
12.45=d | 13.45=j | 14.35=p | 15.34=0 | 16.34= 
12.46=e | 13.46=k | 14.36=q | 15.36=w| 16.35=y¥ 

Š 


12.56=f | 13.56=1 | 14.56=r | 15.46=2 | 16.45= 


23.45 =e | 25.34=2r | 34.56=p 
23.46=€ | 25.36 =u | 35.46=0 
23. 56 =m | 25.46=v | 36: 45 =r 
24.35=0 | 26.34=€& 
24.36=0 | 26.35=a 
24.56=« | 26.45=7 
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the sixty hexagons and their Pascalian lines then are 


AE 
AH 
EH 
CK 
CO 
KO 
AM 
AG 
Al 
EG 


DF 
FL 
DL 
BN 
BJ 
JN 
GK 
KM 
IO 
MO 


EM 
kI 
AN 
AJ 
AB 
DE 
EL 
EF 
CD 
CF 


123456 
125634 
145236 
123654 
143256 
125436 
126534 
125643 
124365 
132546 


126435 
124653 
134265 
132645 
135426 
153246 
125463 
126354 
152436 
143526 


145326 
154236 
123465 
124356 
126543 
154326 
132456 
125546 
143265 
123564 


12.45 23.56 34. 
12. 56. 
14. 


12; 


14 


12. 
12. 
12% 
12. 
13. 


12. 
12. 
13. 
13. 
13. 
15. 


63 25 


23 45. 
65 23. 
. 25 43. 
43 25. 
53 26. 
64 25. 
36 24. 


. 34 
36 
54 
56 
36 
34 
43 
65 
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CG 132564 13.56 32.64 25.41 ln 
CI 142365 14.36 42.65 23.51 = qx«s 
MN 146235 14.23 46.35 62.51 mou 
GJ 135246 13.24 35.46 52.61 goa 
BI 136245 13.24 36.45 62.51 gru 
DG 134625 13.62 34.25 46.51 “AQ 
IM 1385624 18.62 35.24 56.41 , 207 
FI 124635 12.63 24.35 46.51 cOx 
BH 136254, 13.25 36.54 62.41 hro 
FH 125364 12.36 25.64 53.41 cp 


FO 125346 -12.34 25.46 53.61 avy 
LO 134256 18.25 34.56 42.61 pz 
DK 126345 12.34 26.45 68.51 arw 
KL 124563 12.56 24.63 45.31 fij 
BO 134526 13.52 34.26 45.61 Ags 
NO 152346 15.34 52.46 23.61 wy 
BO 182654 13.65 32.54 26.41 leo 
OJ 142356 14.35 42.56 23.61 pry 
JK 124536 12.53 24.36 45.61 bid 
KN 123645 12.64 23.45 36.51 — eeu 


DH 143695 14.62 43.25 36.51 ow 
HJ 1425386 14.53 42.36 25.61 pu 
HL 136524 13.52 36.24 65.41 hır 
HN 14695 14.32 46.25 63.51 mw 
BF 126453 12.46 26.53 64.31 dwk 
DJ 153426 15.42 53.26 34.61 toß 
LN 182465 18.46 32.65 24.51 kent 
GM 135264 13.26 35.64 52.41 ton 
IM 149635 14.63 42.35 26.51  qOu 
GI 136495 13.42 36.25 64.51 gue 
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Each Pascalian point belongs to four different hexagons; viz. œ to the hexagons 

KD, KO, FD, FO; and so for the other points, thus: 

(D), GLF, @) 
(C, NIKI; 0) 
(E; OAT 5.12) 
(E, J )(G, H) 
(ASD) (E J) 
(E, O)(F, M) 
(B, K)(J, 0) 


a (K, F)(D, 0) 
b (A, K)(M, J) 
c (A, F)(H,T) 
4 (A, F)(B, £) 
e (A, K)(G, N) 
f (C, L)(K, F) 
g 
h 


o2 mR XLS 


SOS IR) 


(B, L)(H, 0) e (B, K)(C, N) 
i (D, M)(G, L) t (C, E)(F, G) 
j GANG, L£L) n (A, L)(E, N) 
k (b L)F, N) 6 (P, MI L) 
L G G O. @) E UL ENI b 
m (E, N)(H, M) ae o 
n (C, M)(G, 0) » (A, D) (G, H) 
o (B, D)(C, H) RIG, 090, K) 
p (C. A), h) mu KP, NOT, 0) 
q (0, M)G(I, K) £ (A, 0)(B, M) 
r (A, kyGI M) w (B, D)(F, J) 
3) (C0, EOI) m (D, M)(E, K) 
t (J, L)M, YF) p (C, L)(D, 0) 
a 4B, BEN ) « (4G, N)(J, M 
v (A,0)(N,T) 7 (B, BDH, I) 


w (D, N)(H, K) 


I have constructed on a very large scale a figure of the sixty Pascalian lines, and 
the forty-five Pascalian points, marking them according to the foregoing notation; but 
the figure is from its complexity, and the inconvenient way in which the points are 
either crowded together or fly off to a great distance, almost unintelligible. 
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